CONTINUOUS DEPENDENCE FOR TWO-POINT BOUNDARY VALUE PROBLEMS ROBERT GAINES
Suppose the boundary value problem (1.1) y"=Λt,y,y') (1.2) y(a) = a ,
where f (t, y, y' ) is defined on D ^ [a, b] X R 2 f has a unique solution y(t; a, β) which belongs to C 2 [a, b] , for each (a, β) in some set S C R 2 , This paper gives sufficient conditions for y(t; a, β) y y'it) a, β), and y" (t\ a, β) to be continuous on [a, b] X S.
In § 2 it is shown that if /(£, y, y r ) is continuous on D and y(t; a, β) is continuous on [a, b] x S, then y '(t; a, β) and y" (t; a, β) are continuous on [α, 6] x S. In § 3 it is shown that y(t; a, β) is continuous under the assumption that solutions to boundary value problems for (1.1) exist and are unique in a certain strong sense. In § 4 the continuity of y(t; a, β) is established under the assumption that solutions to (1.1) satisfy a maximum principle.
Bebernes [1] , Fountain and Jackson [3] , and others have given sufficient conditions for the problem (1.1), (1.2) to have a unique solution, but the question of continuous dependence has not been given extensive attention.
2* Derivatives of convergent sequences* In this section we establish that if f (t, y, y r ) is continuous on D, the continuity of y(t; a, β) is enough to guarantee the continuity of y '(t; a, β) and y" (t; a, β) . The proof makes use of a lemma concerning derivatives of uniformly convergent sequences of solutions. First we prove a variation of a well-known result for initial value problems; e.g., see [4] , P. 11. 
Proof. Let K={ (t,y,y') 
for some ζ t and ζ 2 in [t 0 , Q. By (2.2), | y'iζ,) \ ^ 2Γ. Moreover, (2.2) yields that (ζ, 2/(ζ 2 ), 2/'(ζ 2 )) e JK" and we have Let T = max [α , 6] 
There exists iVΊ such that for n^> N ± I y* ι( ,(ti) I + I yί ι( ,(ίi) I ^ I %(ίi) I + I yί(ίi) I + l r.
By Lemma 2.1 there exists a{T) such that for ί G Δ(t u a(T)) and w ^ N x . By the same arguments used for the interval J(ί 0 , α(T 0 )/2), {^l (%) (ί)} has a subsequence {y ki{n) {t)} such that
) and the above procedure may be repeated with T unchanged. Since a(T) is also unchanged, this process will terminate in a finite number of steps with a subsequence {y km{n) (t)} such that y'k m{n) (t) -• yί(ί) uniformly on 
Proof. By the Mean Value Theorem, for each n there exists
Since there exists B > 0 such that | y n (t) | ^ B on [α, 6] for all %, we have
{2/fe o(?l )(£)} denote an arbitrary subsequence of {y n (t)}. Since {2/ί o (»)(** o (»))} * s bounded we may extract a further subsequence {y kl i%)(t)} such that 2/ί l( »)(ί Λl(w ,) -*2 0 and ί Al(Λ) ->£ 0 e [α, δ]. By Lemma 2.2, there exists a further subsequence {y k2 (n)(t)} such that y k2{n) (t) -> ?/ό(0 uniformly on [α, δ] .
Thus any subsequence of {y n (t)} has a further subsequence which has its derivatives converging uniformly to y
The conclusion of Lemma 2.3 does not hold if the hypothesis that 
If | α -a Q | + -β 0 1 < δtfo), then y A {a) < a < τ/ 2 (α) and /5 > ?/ 4 
(6). By uniqueness in the strong sense we must have yJJ) ^ y(t; a, β) on [α, b] and since y 2 (t) becomes unbounded positively to the right of t 0 we must also have y(t; a, β) £ y 2 (t) on 7 2 .
There exists δ 2 (t Q ) such that for 
I yz(t) -y*(t Q ) I + y 2 (t Q ) -y,(t Q )
Uniqueness in the strong sense implies that for t; a, β) -y(t; a 0 , β 0 ) Since y(t; a, β) is continuous for fixed a and β, it follows that y(t; a, β) is continuous on [α, b] x R 2 . It is of interest to note that in the proof of Theorem 3.1, the fact that the functions involved were solutions to (1.1) was used only to assert that the functions were continuous. The arguments may be applied to any family of continuous functions satisfying the uniqueness and existence requirements. Theorem 3.1 is a variation of a result of Beckenbach ([2] , p. 365) concerning two-parameter families of continuous functions.
As an immediate consequence of Theorems 2.4 and 3.1 we have COROLLARY 3. Proof. By the maximum principle on [a, δ], for (a, β) and (a Q , β Q ) in S we have
Since y(t; a, β) is continuous on [α, δ] for fixed (a, J3) , it follows that y(t; a, β) is continuous on [α, δ] y(t; a, β) on [a, b] satisfying (1.2) for (a, β) e S czR 2 , then y(t; a, β), y f (t; a, β) and y"(t; a, β) are continuous on [α, b] x S.
Various sets of hypotheses on f(t, y, y f ) imply that solutions to (1.1) satisfy the maximum principle. As an example we state THEOREM 4.3. If f(t, y, y') is continuous on D, f(t, y, y f ) is nondecreasing in y on £>, and for any compact subset C c D there is a positive constant K(C) such that
for any (t, y, y[) and (t, y, y' 2 ) in C, then solutions to (1.1) satisfy the maximum principle on any [c, d] 
Proof. This is an immediate consequence of Theorem 2.2 in [1] .
As a partial converse to Theorem 4.3, we have THEOREM 4.4. // f(t, y, y') 5* Continuous dependence without uniqueness in the strong sense* Though the hypotheses of Theorem 4.1 only required that solutions satisfy the maximum principle on [α, 6], a more "natural" assumption is that solutions satisfy the maximum principle on every subinterval [c, d] . If this stronger assumption is made, solutions to (1.1) are unique in the strong sense as was assumed in the hypothesis of Theorem 3.1.
A simple example shows that uniqueness in the strong sense is not a necessary condition for continuous dependence. Consider the equation (t, a, β) in [a, b] x S, then y (t, a, β), y'(t; a, β), and y"(t; a, β) The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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